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Environment

» {=1,...,L: physical commodities
» i =1,...,I: consumers

, ..., states of the world

v

=i i's preference relation on RY®
with a utility function representation U;
(assumed to be strongly monotone)

v

After uncertainty is resolved, spot markets open at t = 1.

v

A price vector at state s is denoted by p, € R,
and the overall price vector by p € RS,
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Assets

Asset markets open at t = 0.

We consider real assets,
where returns are in units of commodity 1.

» An asset is identified with its return vector:
r= (7’1,...,1"5)/ S RS,

(Here we always consider vectors as column vectors.)
» Examples:

» 1=(1,...,1): “commodity futures”

» ¢;,=(0,...,0,1,0,...,0) (ith unit vector):
called an “Arrow security”.



Example: Derivative Assets

» The call option on an asset r € RS (“primary asset”)
at the strike price ¢ € R:

r(c) = (max{0,ry — c},...,max{0,7s — c})".

It gives the option to buy a unit of r at price ¢
after the state is realized.

» For example, if S =4 and r = (4,3,2,1),
r(3.5) = (0.5,0,0,0Y,

r(2.5) = (1.5,0.5,0,0)’,
r(1.5) = (2.5,1.5,0.5,0)".
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Return Matrix

» We fix K assets, r1,...,7x € RS, as given.

We assume that r, > 0, r, # 0 for all k.

» The S x K matrix

i - T1IK
R = (7"1 TK) =
rsy - TSK
is called the return matrix.
» A vector of trades in these assets, z = (z1,...,2K) € RE, is

called a portfolio.

> An asset price vector is denoted by ¢ = (q1, . ..,qx) € RE.
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Equilibrium

Definition 1
(4,0, (2)i=1: (27)121) € RE x RES 5 (RF)T x (RES)!
is a Radner equilibrium if:

(i) for all 4, (2}, z}) solves

max  Uj(z;)
2z ERK  x; ER&S

s.t. > ok G2k <0
plsxsi < p/swsi + Zk P1s2kiTsk for all s;

(i) 22527 <0and 327 <3, wi.
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Price Normalization and Budget Constraint

» Normalize p; = 1 for all s.

» Budget constraint of i:

Bi(q,p,R) = {x; e RE® | 3z € R¥ sit.
¢z <0 and m; < Rz;},

where

mi = (ph(z1; — wii), -, Ds(Tsi — wsi)) € R,
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State Prices

Proposition 1

If g € RE s an asset price vector in a Radner equilibrium,
then there exists i € RS, such that ¢ = i/R.

» ¢ is called a state price vector.
» ¢ = /'R —

ra o TiIK
(@ - ax)=(m - us)
rsy ot TSK

= (Zs HsTs1 = Zs NSTSK) .



Proof 1 (1/2)

> ¢ € RE is arbitrage free if there is no portfolio z € R¥
such that ¢’z <0, Rz >0, and Rz #0

(i.e., there is no portfolio that is budgetarily feasible and

that yields a nonnegative return in every state and
a strictly positive return in some state).

» Under strongly monotone preferences,
an equilibrium asset price vector ¢ € RX is arbitrage free.

» Proposition 1 follows from the following lemma.



Proof 1 (2/2)

Lemma 1

q € RE is arbitrage free if and only if

there exists 1 € RY | such that ¢ = \/R.

» Proof by “Stiemke’s Lemma”.
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Proof 2 (1/2)

» Choose any consumer i. Assume that U; has a representation

Ui(z1i, ..., 28i) = D Tsittsi(Ts;) (msi > 0)
where ug; are concave, strictly increasing, and differentiable.

» Denote by vg; the indirect utility function derived from wug;.

» Let ¢, p be the equilibrium prices, and consider

max Zs 71'sivsi(ps,p;‘ﬂsi + Zk TskZki)
z€ERK

st D pqkzki < 0.

» The equilibrium portfolio plan 2} must satisfy the FOC with
some «; > 0 (Lagrange multiplier):

(p87 )""sk = ayqy for all k,

St

where w¥; = plwei + > j sk 25
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Proof 2 (2/2)

» Define € Rir by

Tsi OVsg;

(ps; w;)-

Hs = —
(67 8wsi

» This satisfies ¢ = p/R.

> Note: choice of a different consumer may lead to a different p.
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Complete Markets

Definition 2

An asset structure with an S x K return matrix R is complete if
rank R =28, i.e.,

{v e R¥ | v = Rz for some z € RX} = RY.
» Example:
1 01
R=|0 11
011

is not complete.

No portfolio can give, for example, a return vector (0,0,1)".
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Equivalence between Radner and Arrow-Debreu Equilibria

Proposition 2

Assume that the asset structure is complete.

(i) If (p,z*) € RES x (RES) is an Arrow-Debreu equilibrium,
then there ¢ € RE, and z* € (RX)! such that
(¢,p, z*,x*) is a Radner equilibrium.

(i) If (q,p,2",27) € RE, x REL x (RF)Tx (RE%)" s
a Radner equilibrium,
then there exists y € Ri . such that
((pap1,-- -, psps), x*) is an Arrow-Debreu equilibrium.
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Sketch of the Proof (1/4)

» Denote
BP(p) = {zi € RY” | 32, pli(wsi — wei) < 0}
and

BR(g,p) = {z: e RYS |32, € RN st
q'z <0and m; < Rz},

where

m; = (P (v1i — wii)s - - - Ps(si — wsi)) € RS,

14 /17



Sketch of the Proof (2/4)

(i) Let (p,z*) be an Arrow-Debreu equilibrium.

» Denote
D11 0
A=
0 P1S
Then
p1iria -0 P1IT1K
AR = : : :
b1srs1 -+ P1STSK
Let

¢ =1UAR (<= aqr = p1srsk VE).
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Sketch of the Proof (3/4)

» WTS: z} € BlR(q,p) and z; € Bl-R(q,p) =1 € B;AD(p).

> Let
m; = (pi(af; — wui), . .. Ps(as; — wsi)) € R

» Since rank AR = S by completeness,
for each ¢ =1,...,1 — 1, there exists z; such that

m; = ARz} .
Define

27 =—(27 4+ -+ 27_1)-

» Show z} € BR(q,p).
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Sketch of the Proof (4/4)
(i) Let (¢, p, z*,2*) be a Radner equilibrium.
Assume without loss of generality that p1s = 1 for all s.

» By Proposition 1, there exists 11 € R? | such that ¢ = j/R.

» WTS: z7 € BAP(q,p) and
T; € BZAD(q,P) =T € BlR(Mlpl, <oy SDS).

» For the former,

>os 1sDe(Tsi — wsi) < D0, ps(Rzi)s = W' Rz = ¢’z < 0.

» For the latter,
by the completeness, there exists z; such that m; = Rz;.

Then,

¢z =W Rz = p'm; <0.
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