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Abstract

This supplementary material contains detailed proofs and additional examples.

Supplementary Appendix

B.1. Proof of Strict Monotonicity in Example 5.1

In this section, we verify the positivity of the partial derivatives of the utility
function u: Rﬁ_ — R given in Example 5.1:

(1, 20) = 6(x1 + 22 — 2) + (21 + 22 — 2) + (21, 22) (1)

with 2 2
8z — 1)* (w2 — 1
8@ 1)@ — 12 (z1,22) € [0,1)2,

(Il + 20 — 2)3
(@, @) = S(x(lxﬁrl?rg(x_z 2)31) if (21, 22) € (1,00)? ?

—(z1 — 1)%(z2 — 1)®>  otherwise.

The function u° is differentiable in each z;, i = 1,2, at all (z1,22) € R%, where
the partial derivatives are given by

_8(3:1- —1)(z; — 1)%(—x; + 2z, — 1) if (z1,25) €[0,1)?,

(x1+ 29 —2)4
0 . . 2 ) .
u, (x1,29) = 8(w; — 1)(1’3 —1)*(—x; + 2wy — 1) . 2
T\ D if (z1,22) € (1,00)%,
($1+$272)4 ( ! 2> ( )
—2(z; — 1)(x; — 1)? otherwise.

Proposition B.1. For the function u: RE — R defined by (1)~(2),
Ug, (z1,22) > 0 for alli =1,2 and all (x1,z,) € RY.

By symmetry, we only show this for ¢ = 1.
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Observation 1. 8i [6(z1+ 22 —2) + (z1 + 22— 2)2] > 2 for all (z1,22) € RZ.
Z1

Proof. For all x1,22 > 0,

g[ﬁ(xﬁxrmﬂxﬁxrmﬂ =6+ 2(z + 22 —2) > 2,
1

as stated. O
Observation 2. uf (z1,22) > —2 for all (x1,22) € [0,1)2.

Proof. Evaluating u} on each line segment 25 = ¢(z1 — 1) + 1 in [0,1)?, where
¢ > 0, we have

8c2(2c — 1)

0 —

Uy, (r1,c(ry —1) +1) = — cr 1)

This value is nonnegative for ¢ < % For ¢ > 5, by the inequality of arithmetic

and geometric means we have

8c?(2¢ — 1) 85><c><c><(20—1)
(c+1)* c+1)

c i c +2c—1 4
c+1 c+1 c+1 c+1
<2

|
ol o ot 0o

Hence, ul (21,x2) > —2 for all (z1,22) € [0,1)2. O
Observation 3. uf (x1,22) > —2 for all (x1,22) € (1,00)?.

Proof. Evaluating ul on each half line zy = ¢(z; — 1) + 1 in (1,00)?, where
¢ > 0, we have

8c%(2c — 1)

0

)41y = 2

uml(xlac(xl )+ ) ( +1)4

This value is nonnegative for ¢ > % For ¢ < 5, by the inequality of arithmetic

and geometric means we have

8c2(2c—1)  _1x2¢x2cx(1—2c)
(c+1)t (c+ 1)t

<5t 1+2c+20+1—2c4
- 4 \c+1 c+1 c+1 c+1
4
1 1
—2(2) =-<2.
(5) =&+

Hence, u) (21,x2) > —2 for all (z1,x2) € (1,00)%. O

Observation 4. uy, (z1,22) > 4 for all (z1,22) € ([0,1] X [1,00)) U ([1, 00) X
[0,1]).



Proof. For (z1,22) € ([0,1] X [1,00)) U ([1,00) X [0, 1]), we have

Ug, (T1,72) = 6+ 2(z1 + 22 — 2) — 2(21 — 1)(29 — 1)?
= 21}2[1 — (!,El — 1)(:1;‘2 - 2)} + 4.
We claim that (z1 — 1)(z2 — 2) <1 for all (x1,22) € ([0,1] X [1,00)) U ([1,00) x
[0,1]). Indeed, (z1—1)(xe—2) < 0 for (z1,2z2) € ([0, 1] X [2,00))U([1,00) x[0,1]),
while for (1’171172) € [0,1] x [1,2], (z1 — 1)(z2 — 2) is nonincreasing, so that
(r1 —1)(z2 —2) < (0—-1)(1 —2) =1, as claimed. O

Proof of Proposition B.1. By Observations 1-4, w,, (x1,22) > 0, and
Ug, (21, 22) > 0 by symmetry, for all (z1,z2) € R2. O

B.2. Totally Differentiable Version of Examples 2.1 and 5.1

While the differentiability of the objective function f with respect to the
choice variable x is never an issue (and not even defined) in our main analysis,
we can modify the function in Example 2.1 to be (totally) differentiable in (z, «)
keeping the other properties, as we show in Example B.1. Correspondingly, in
Example B.2 we present a modified version of the utility function in Example 5.1
that is differentiable in (z1,x2).

Example B.1. Let X =R and A = R, and denote

z,0) €eR? |2 <0, 2°2+3a <0

{
{@
{(

Ry )
Ro a)€R2 <0, 224+3a>0
R )

a)eR? | 2>0, 22 —-3a<0

Rz-’\z—’w—’ﬁz—/

R4:{(x,a)€R2 x>0, 22—=3a>0

Then define the continuous function f: X x A — R by

o2’ 2%(22 4+ 3a)? if (x,a) € Ry,

—22(2? + 3a)? if (x,a) € Ro,
flaay =4

@xz(xz —3a)? if (x,a) € R3,

—22%(2? — 3a)? if (x,a) € Ry

Its partial derivatives are

2 ae 4 0)(a? +30) it (@.0)
—6z(2? + ) (2% + 3a if (z,) € Ry,
- 3( + o) (2% + 3av) (z,a) €
)
)

ﬁx(xQ —a)(z? = 3a) if (z,a

—6z(2% — a)(2? = 3a)  if (z,

€ R37




and

1
—ﬁx4(x2+3a) if (z,a) € Ry,

—622%(2? + 3) if (z, ) € Ry,
fa(x,oz) =
T 203"

622 (x? — 3a) if (z,a) € Ry.

(
(

Y22 = 3a) if (z,0) € R3,
(

One can verify that

vy J{=V=a} ifa<0,
X )_{{\/a} if >0,

and
v(a) = |al,

which is not differentiable at oo = 0.

We claim that f is differentiable in (x, @) everywhere. The differentiability
at (x,a) # (0,0) is clear. To establish the differentiability at (x, a) = (0, 0), take
any € > 0. Since f(0,0) = 0 and f,(0,0) = f,(0,0) = 0, we want to find a é > 0
such that |f(z, @)| < e|(x, a)| whenever |(z, )| < §, where |(z, )| = V22 + 2.

For C* functions g'(z,a) = —2?(2% + 3a)? and ¢*(z,a) = —2?(2? — 3a)?
on R?, let 6y > 0 be such that |Vg*(z,a)| < e, k = 1,2, whenever |(z, )| < d.
Then let 6 = min{dg,4/9} > 0, and take any (x,«) with |(z,a)| < 6. If
(z,a) € Ry U Ry, we have

< k(0,0 <
|[f(z,0)| < kzlggé[m]wg (0, 00)||(x, )| < el(z, @),

where the first inequality follows from the mean value theorem. If (z,«) € Ry,
let ca = x? with —3 < ¢ < 0. Then we have

1 9
ng(m7a)21(c+3)2x2§ $2<1‘($?a)|2

=~ ©

< 30l )] < <l @)l

If (x, ) € R3, again let ca = 22 with 0 < ¢ < 3. Then we similarly have

IN

B O R ©
—
&
Q
N2
o

1
0< flz,a) = 1(0—3)2302 < Zg?

| ©

IN

ol(z, )| < el(z, ).

Thus, we have shown that f is differentiable at (z,«) = (0,0).
Finally, one can verify that f, is not continuous in (z,«) at (z,a) = (0,0)
(for (z,a) € Ry U Rg, let ca = z2). O

The partial differentiability condition (b) in Proposition 5.7 can be strength-
ened to (total) differentiability (where X =R").



Proposition B.2. There exists a continuous utility function u: X — R such
that for some p € R%

(a) D(p,w) and H(p,u) are singletons for all w and all w and are continuous
(as single-valued functions) in w and u, respectively,

(b) u is differentiable in x at all x € X, and
(¢) ug,(x) >0 foralli=1,....,n and all z € X,

but v(p,w) and e(p,u) are not differentiable in w and u at some © and some ,
respectively.

Using the function in Example B.1, we provide such a utility function with
n=2.

Example B.2. Given the function f in Example B.1, define the continuous
function 10 Rﬁ_ — R by

1
u®(zy,20) = f (:v1 -1, 5(331 +x9 — 2)) ,
and then define the utility function u: Ri — R by

u(xy,x2) = a1 (z1 + x2) + ag(x1 + 1'2)6 + UO(I’l,Ig),

where a1 and ag are positive constants.

(1) Being the composition of the differentiable functions (z1,z3)
(zl -1, %(:z:l + x5 — 2)) and f, u° is differentiable in (21, x2), and so is u.

(2) For sufficiently large a; and ag, Uy, (x1,22) > 0,4 = 1,2, for all (z1,23) €
Ri. This can be verified as follows. Denote

1
(l‘l — 1,§(l‘1 + X2 —2)) S R]}

for j =1,...,4. Since u) (x1,22), i = 1,2, is written as

Qj = {($1,Z‘2) S R%r

(polynomial of (x1,z2) of degree 6)
(331 —+ 19 — 2)3

Ugi($1,$2) =

on Q1 U Q3 and
ugi (z1,x2) = (polynomial of (x1,x2) of degree 5)
on (Y2 U Ry, we can take an ag > 0 and a b > 2 large enough that

Ug (w1, 22)
6&6(1'1 + 1'2)5

for all i = 1,2 and all (z1,29) € Ri such that z; + x5 > b. Next, one can verify
that ugi (z1,22), i = 1,2, is bounded on any bounded set. So let a; > 0 be such
that

ugl (x1,29) > —aq



for all i = 1,2 and all (z1,22) € Ri such that z; + x5 < b. With these a; and
ag so constructed, we have

Ug, (T1,20) = a1 + 6ag(xy + 22)° + ugl(azl,xg) >0

for all i = 1,2 and all (z1,22) € R3.

(3) By (2), u is strictly increasing, so that the optimal consumption lies on
the budget line.

Fix the price vector to p = (%, %) By substituting the budget equality
%xl + %1‘2 = w, the indirect utility v(p, w) for the utility function u is given by

v(p,w) = max ai(x1 + x2) + ag(x1 + 22)° + flz1 — L, w —1).
0<z; <2w
As in Example B.1, the unique optimal solution is given by 2} =1 — /1 —w
ifw<1land 2} =1++w—11if w>1 (note that 0 < z} < 2w in each case).
Thus, the indirect utility function with p = p is given by

v(p,w) = 2a1 + 64ag + |w — 1],

which is not differentiable at w = 1. The expenditure function e(p,u) with
p = P is given by the inverse function of w — v(p, w) and is not differentiable
inuatu=0. O



