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Formulation (Finite States/Actions)

I State space: S = {0, . . . , n− 1}

I Action space: A = {0, . . . ,m− 1}

I Reward function: r

r(s, a) is the reward for action a ∈ A when the state is s ∈ S.

I Transition probability function: q

q(s′|s, a) is the probability that the state in the next period is
s′ ∈ S when the current state is s ∈ S and the action chosen
is a ∈ A.

I Feasibility constraints:
Γ(s) = {a ∈ A | a is feasible when the state is s}.

Embedded in r: r(s, a) = −∞ if a /∈ Γ(s).

I Discount factor: β ∈ [0, 1).
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I A policy function (or simply, policy) is a function σ : S → A.

(We only consider feasible policies, σ such that r(s, σ(s)) > −∞.)

I A plan is a sequence (σ0, σ1, . . .) of policies.

I For a given plan π = (σ0, σ1, . . .) and an initial state s,

I the reward at period 0 is r(s, σ0(s));

I the expected reward at period 1 is∑
s′ q(s

′|s, σ0(s))r(s′, σ1(s′));

I the expected reward at period 2 is∑
s′,s′′ q(s

′|s, σ0(s))q(s′′|s′, σ1(s′))r(s′′, σ2(s′′)), or

(Q2
πrσ2)[s], where

I Q2
π ∈ Rn×n: Q2

π = Qσ0Qσ1 ;

I Qσ ∈ Rn×n: Qσ[s, s′] = q(s′|s, σ(s));
I rσ ∈ Rn: rσ[s] = r(s, σ(s)).
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I Objective:

Find a plan π = (σ0, σ1, . . .) that maximizes

vπ(s) =

∞∑
t=0

βt(Qtπrσt)[s]

for each s ∈ S, where Q0
π = I.

I The optimal value function (or simply, value function) is
the function v∗ : S → R that satisfies

v∗(s) = max
π

vπ(s)

for all s ∈ S.

I π∗ is an optimal plan if vπ∗ = v∗.

I σ∗ is an optimal policy if (σ0, σ1, . . .) with σt = σ∗ for all t is
an optimal plan, i.e., vσ∗ = v∗, where vσ∗ = v(σ∗,σ∗,...).
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Operators

I Bellman operator:

T : RS → RS defined by

(Tw)(s) = max
a∈A

r(s, a) + β
∑
s′∈S

q(s′|s, a)w(s′).

I For a policy σ,

Tσ : RS → RS defined by

(Tσw)(s) = r(s, σ(s)) + β
∑
s′∈S

q(s′|s, σ(s))w(s′).

I By definition, Tσw ≤ Tw.

I vσ = Tσvσ.
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Monotonicity

I T and Tσ are monotone,

i.e., if v ≤ w, then

Tv ≤ Tw,
Tσv ≤ Tσw.
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Contraction

I T and Tσ are uniformly contracting with modulus β.

I vσ is the unique fixed point of Tσ.

I T has a unique fixed point.
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Theorem

1. The unique fixed point of T is the value function v∗.

2. σ∗ is an optimal policy if and only if

σ∗(s) ∈ arg max
a∈A

r(s, a) + β
∑
s′∈S

q(s′|s, a)v∗(s′)

for all s ∈ S, or equivalently, Tσ∗v
∗ = Tv∗.

3. (Another expression:

σ∗ is an optimal policy if and only if

σ∗(s) ∈ arg max
a∈A

r(s, a) + β
∑
s′∈S

q(s′|s, a)vσ∗(s
′)

for all s ∈ S, or equivalently, Tσ∗vσ∗ = Tvσ∗ .)

4. An optimal policy exists.
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Proof (1/2)

1. I Let w∗ be the unique fixed point of T : Tw∗ = w∗.

I Let σ∗ be such that Tσ∗w
∗ = Tw∗ (such a policy exists),

for which we have Tσ∗w
∗ = w∗.

I Since vσ∗ is the unique fixed point of Tσ∗ , we must have
w∗ = vσ∗ .

I Take any plan π = (σ0, σ1, . . .).

I Since for any policy σ, we have w∗ = Tw∗ ≥ Tσw∗, and Tσ is
monotone, we have
w∗ ≥ Tσ0

w∗ ≥ Tσ0
Tσ1

w∗ ≥ Tσ0
Tσ1

Tσ2
w∗ ≥ · · · ↘ vπ.

I This means that w∗ = maxπ vπ.
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Proof (2/2)

2. v∗ = vσ
⇐⇒ Tσv

∗ = v∗ (∵ vσ is the unique fixed point of Tσ)
⇐⇒ Tσv

∗ = Tv∗ (∵ v∗ is a fixed point of T )

3. v∗ = vσ
⇐⇒ Tvσ = vσ (∵ v∗ is the unique fixed point of T )
⇐⇒ Tvσ = Tσvσ (∵ vσ is a fixed point of Tσ)
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Value Iteration

I Take any v0.

I Let vi+1 = Tvi.

I Then vi → v∗ as i→∞.
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Policy Iteration

I Take any σ0.

I [Policy evaluation] Compute vσi , which satisfies vσi = Tσivσi .

I [Policy improvement] Compute σi+1 such that

σi+1(s) ∈ arg max
a∈A

r(s, a) + β
∑
s′∈S

q(s′|s, a)vσi(s
′)

for all s ∈ S, or

Tσi+1vσi = Tvσi .
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Proposition 1

1. vσi = Tσivσi ≤ Tvσi = Tσi+1vσi ≤ T 2
σi+1

vσi ≤ · · · ↗ vσi+1 .

2. T ivσ0 ≤ vσi (≤ v∗).

(∵ By induction: T i+1vσ0 ≤ Tvσi ≤ vσi+1 .)

3. Hence, vσi → v∗ as i→∞.

4. If vσi = vσi+1 , then vσi = Tvσi and hence σi is optimal;

if vσi 6= vσi+1 , then vσi 6= Tvσi and hence σi is not optimal.
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Policy Evaluation (1): Solving a Linear Equation

I Given σ, solve the system of linear equations

v(s) = r(s, σ(s)) + β
∑
s′∈S

q(s′|s, σ(s))v(s′),

or

(I − βQσ)v = rσ,

where

I Qσ ∈ Rn×n: Qσ[s, s′] = q(s′|s, σ(s));

I rσ ∈ Rn: rσ[s] = r(s, σ(s)).
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Policy Evaluation (2): Approximation by Iteration

I For any w, T iσw → vσ.

Thus, for large k, T kσw =
∑k−1

t=0 β
tQtσrσ + βkQTσw ≈ vσ.

I In particular,
given σi+1, where Tσi+1vσi = Tvσi , for w = vσi ,
Tσi+1vσi ≤ T 2

σi+1
vσi ≤ · · · ↗ vσi+1 .

Thus, for large k,

T kσi+1
vσi =

k−1∑
t=0

βtQtσi+1
rσi+1 + βkQkσi+1

w ≈ vσi+1 .

I “Modified” policy iteration.

I If k = 1, then Tσi+1vσi = Tvσi · · · value iteration.

If k →∞, then T kσi+1
vσi → vσi+1

· · · “exact” policy iteration.
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