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Review

» Finite state space S, finite action space A.
» The value of a policy o € AS:
o0
t At
/UG' - Z B QJTU?
t=0
which satisfies v, = 1, + 8Qv,.

» The value function v* € R®:

v*(s) = sup vg(s),
rellM

where IIM is the set of Markov plans.

> In the end, for a v*-greedy policy ¢* we have v* = v,=.
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Review: Operators

» T.: RY 5 RS, o e AS:

Tov =71y + BQov.

vy is the unique fixed point of Tj.

T: RS — RS:

v

Tv = max 1, + Q0.
ceAS

v

By definition, T,v < Tv for any ¢ and v.

v

o is v-greedy if T,v =Twv.
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T, and T are monotone.

To(v+cl) =T,v+ el and T'(v + ¢1) = Tv + Bel.

T, and T are [-contractions.

The unique fixed point of T, is v,.
The unique fixed point of T is v*.

A v*-greedy policy (which exists) is an optimal policy.

(Tyv* = Tv* =v* - v* = v4+.)

For any v, T?'v — v, and T"v — v* as n — oc.
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Policy lteration

1. Setn =0.

Choose any oy; or
choose any vy and let og be a vg-greedy policy.

2. [Policy evaluation]

Solve (I — 3Qy, )x =14, for z and let v" ! = 2.

3. [Policy improvement]

Compute a v"+!

T

On+1

-greedy policy 0,41, i.€., a op41 such that
ot = Tyt

4. If 0,11 = 0y, then return 6 = o, and © = V"1

Otherwise, let n =n + 1 and go to Step 2.
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Proposition 1

The policy iteration algorithm terminates in finitely many steps,
and G is an optimal policy and ¥ is the optimal value.
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e-Optimality

Let v* be the value function.
> v is a d-approximation of v* if ||[v — v*||e < 4.

> o is an e-optimal policy if v, is an e-approximation of v*.
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Error Bounds 1
Lemma 2

For any v € RS,

B
15

[o* =Tl < [T — ]|

Proof

> |lo* = To|| < ||v* = T™v| + [|[T™v — Tv||, where

[y

3

Second term < | T* o — TF||

i
I

[y

3

g—p"
< D BITv — ol = [T — o],

1-p

B
Il
—

Let m — oo.
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Lemma 3

For any v € R® and any Tv-greedy policy o,

B
HTU V||oo-

[ve — T[|oo < 1_
Proof
» Denote u = T.
Recall that v, = Tyv, and Tou = Tu.
» Then,
[ve — ulloo = [ Tovs — ulloo
<N Tpve — Tulloo + ||Tu — ul|oo
= |T,vs — Tot|oo + || Tu — T oo
< Bllve — ulloo + Bl — v]|oo-

Rearranging terms yields the desired inequality.
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Proposition 4

For any v € RS and any Tv-greedy policy o,
20

[ve — v*]loo < TIITU — [[00-
Proof

» By the previous two lemmas,

IN

[v = Tolloo + [ T0 = 0"l
B B

[ve = v"[|oo

IN

1 1

—||Tv —wv + —|Tv —
_ﬁll oo —BH

V|00
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Error Bounds 2

For z € RS, write m(z) = min; z; and M (z) = max; ;.

Lemma 5

For any v € RS and any v-greedy policy o,

1
v+ mm(Tv —0)1 <Tv+ 1_/86m(Tv —v)l

< v, <0°

§Tv+1_ﬂﬁM(Tv—v)1§v+1_15 (Tv —v)1.
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For x € RS, write

span(z) = M(z) — m(x) (= Maxz; — miin x;).

Proposition 6

For any v € R® and any v-greedy policy o,

[0* = Vo |loo < : ? 5 span(Tv — v),
and
( B m(Tv—U)%—M(Tv—v)l)H
2 o
Sé /Bﬁspan(T’U—v)
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Proof of Lemma 5

> Take any v € R™, and let ¢ be a v-greedy policy: T,v = Tw.

(Recall m(z) = min; z; and M (x) = max; x;.)
» Clearly, T,v =Tv > v+ m(Tv —v)1.
By the properties of Ty,

T2v > Ty (v +m(Tv — v)1)
=Tev+ m(Tv—v)1 > v+ (14 B)m(Tv —v)1,

T30 > T,(v+ (14 B)m(Tv — v)1)
=Tov+ 1+ B)m(Tv —v)1
> v+ (1+ 8+ BHm(Tv — )1,
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v

We thus have

Tiv>Tov+ (B+ -+ " Hm(Tv —v)1
>v+ (1484 + 8" Hm(Tv—v)l.

Letting n — o0, we have

Ve > Tov + &m(TU —v)l>v+ 1_15 (Tv —v)1.
Note that T,v = T.
By a similar procedure, we have
v* < Tv—i—iM(Tv—v)l < U—I-LM(TU—’U)L
1-p 1-p

Note finally that v* > v,.
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Remarks

» Similar estimates with —||Tv — v||oc and [|Tv — v
in place of m(Tv — v) and M(Tv — v) hold.

(Start with —||Tv — v||sel < Tv — v < ||T0 — v||oo1.)

» Since —m(z) < ||z]|oo and M (z) < ||2|loc, We have
span(Tv — v) < 2||Tv — v||so-
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Error Bounds and Termination Conditions

Bound 1 Bound 2

Value iteration *

Modified policy iteration *
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Value lteration with Norm Bounds

Specify € > 0.
1. Set n=0.
Choose any vy.

2. Let vt = T,

3.0 ot — 0| < Qﬁ B¢ then return & = v"t! and
a v-greedy policy 6.

Otherwise, let n =n + 1 and go to Step 2.
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Proposition 7

Given an € > 0, the value iteration algorithm as described
terminates in finitely many steps, and

> & is an e-optimal policy and

(S5

> 0 is an §-approximation of v*.
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Modified Policy Iteration with Span Seminorm Bounds
Specify ¢ > 0 and k > 1.

1. Set n = 0. Choose any vy.

2. [Policy improvement]

Compute a v™-greedy policy 0,41, i.€., @ opt1 such that
Ty, v =Tv™

On+1

Compute also u" = Tv" (= Ty, ., v").

3. If span(u” — ™) < %6, then return 6 = 0,41 and

b =u"+ 15[3 m(u"—v )—i—M(u”—v")l.

Otherwise, go to the next step.
4. [Partial policy evaluation]
Let v = (Tﬂn-ﬂ)kvn = (Tﬂn+1)k_1un-

Let n =n 4+ 1 and go to Step 2.
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Fact 1

For modified policy iteration, as n — oo, v™ — v* and hence
span(Tv™ — v™) — 0.

Proposition 8

Given an € > 0, the modified policy iteration algorithm as
described terminates in finitely many steps, and

> & is an e-optimal policy and

» 0 is an 5-approximation of v*.
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