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Open Sets, Closed Sets

Let (S, p) be a metric space. Let B(r;z) ={y € S | p(y,x) < r}.

Definition 1
For EC S,

» The closure of E, denoted cl F, is defined by

cdE={ze€S|B(gz)NE #{ for all ¢ > 0}.

v

The interior of E, denoted int F, is defined by

int E={x eS| B(e;x) C E for some ¢ > 0}.

v

Observe that by definition, E C cl F and int E C F.
» x €S issaid to adhereto E if x € cl E.

» 1 €S is said to be interiorto E if x € int E.
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Definition 2

v

E C S is closed if I/ contains all points that adhere to F, i.e.,
ifclE C E.

» ' C Sis open if all points in E are interior to F, i.e.,
if £ CintFE.

» Since E C cl E by definition, it is equivalent to define:
E C Sisclosed if clE = E.

» Since int £ C E by definition, it is equivalent to define:
EcCSisopenifintE =F.

Proposition 1
E =S\ int(S\ E).
Proposition 2 (Theorem 3.1.18)

E is closed if and only if S'\ E is open.

)
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Proposition 3 (Exercise 3.1.19)

For any x € S and any r > 0,
B(r;z) ={y € S| ply,x) <r} is open.

Proposition 4

For any x € S and any r > 0,

D(r;z)={y €S| ply,xz) <r} is closed.
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Proposition 5

1. cld = 0.
2. ECCclE.

3. 31 IfECF, thenclE C clF.
32 c(EUF)=clEUCF.

4. cl(clE) C clE.

Proposition 6 (Exercise 3.1.30)

1. cl E is closed.
2. If F is closed and F D E, thenclE C F.

3. cl E is equal to the intersection of all closed sets containing E.



Proposition 7 (Exercises 3.1.20, 27, 28)

1. @ and S are closed.

2. If {F,}aca is a collection of closed sets,
then (\,ca Fo is also closed.

3. If A is finite and {F,},ca is a collection of closed sets,
then | Jyca Fo is also closed.
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Definition 3
For ACR, A#0,
1. s=supd if
1.1 a<sVac A, and
12 ifa<uVa€ A, then s < u;
2. i =1inf A if
21 i<aVac€A, and
22 if¢<aVac A, then? <.

If A is not bounded above, we define sup A = oc.
If A is not bounded below, we define inf A = —c0.

(Sometimes it is convenient to define sup ) = —co and inf ) = cc.)

6

13



Lemma 8

a<uVacA=s<u
<= Ve>0: dac€A: s—e<a.

Proposition 9 (Theorem 3.1.22)
If F CR, F # (), is bounded and closed, then sup F' € F.
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Let (S, p) be a metric space.
Proposition 10 (Exercise 3.1.16)

clF={xeS|z=1limy o0z, for some (x,) C F}.

Proposition 11 (Theorem 3.1.17)

F C S is closed if and only if
lim,, o0 x,, € F for any convergent sequence (z,) C F.



Let S and T be metric spaces.

Proposition 12 (Exercise 3.1.16)

f: S — T is continuous if and only if f~1(G) is open in S for any
openset G CT.

(fHG)={z €S| fx) €G})
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Completeness

Definition 4

A sequence (x;,) in a metric space (S, p) is a Cauchy sequence if
for any € > 0, there exists N € N such that

p(Tm, ) < € for all m,n > N.

A sequence in a normed vector space (V,||-||) is a Cauchy sequence
if it is a Cauchy sequence in the metric space induced by (V ||-||).

Definition 5

A subset A of a metric space (or a normed vector space) is

complete if every Cauchy sequence in A converges to some point
in A.

(A complete normed vector space is called a Banach space.)
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Proposition 13 (Theorem 3.2.3)

Let S be a complete metric space.

A C S is complete if and only if it is closed.
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Axiom 1

(R,]]) is complete.

(bU, ||||oo) denotes the set of bounded functions f: U — R
endowed with the norm ||-[|o; defined by sup,cy|f(2)]-

Proposition 14 (Theorem 3.2.6)

Let U be any nonempty set.

(bU, ||||so) is complete (i.e., it is a Banach space).
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For a metric space U,
let (bcU,||"||co) be the set of bounded continuous functions

f: U — R endowed with the norm ||-||« defined by sup,cy7|f(x)].

Proposition 15 (Theorem 3.2.9)

Let U be a metric space.

(bcU, ||lloo) is complete (i.e., it is a Banach space).
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