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Setup

» Two agents (for simplicity)
» States of uncertainty O (fixed):
Polish space, i.e., metric space that is

> complete

» separable (having a countable dense subset)

(Needed to apply Kolmogorov's Extension Theorem)

)
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Preliminaries

» For any metric space Z, let A(Z) be the space of probability
measures on the Borel field (o-algebra) of Z.

Endow A(Z) with the weak topology: u™ — w iff
[ fdu™ — | fdu for any bounded continuous function f on
Z.

(This topology is metrizable.)
» If Z is Polish, then so is A(Z).

» A countable product of Polish spaces is Polish in the product
topology.
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Hierarchies of Beliefs
» Define iteratively
X0 =0,
X' =X"%x A(X%) =0 x A(©),
X2=X'x A(XY) =0 x A(©) x A(© x A(©)),

~—

XF = XM AXETY,

> Let 79 = [[2, A(XH).

> A type of agent i: t; = (6},02,03,...) € TO = [[32, A(XP):

R A A )
» 51 € A(XY) = A(©): i's first order belief

» 62 € A(X1) = A(O x A(O)): i's second order belief,
i.e., joint belief over © and the space of j's first order beliefs
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Coherency (Consistency)

» For example, if (6},62,...) is a type of i, where §! € A(O)

(R A

and 62 € A(© x A(O)), then it should hold that
62(E x A(©)) = 61(F) for all E € B(©),

or marg yo 02 = 4.

Definition 1
A type (61,62,...) € TV is coherent if for all k > 2,
marg xk—2 614: = 5k—1-

Let Tt C TV denote the set of all coherent types.
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Homeomorphism between T and A(© x TY)

» For a sequence of probability measures (61, 462,4%,...), where
SLe A(Z9),62 € A(Z° x 721,83 € A(Z° x Z x Z?), ...,
that is coherent (consistent), there is a unique measure
6§ € A(Z°x Z' x Z% x ---) such that marg o, ye-1 0 = 0¥,
where 7 = X0, Z1 = A(X?), 22 = A(XY), ...

-+ Kolmogorov's Extension Theorem
> Let f: T' — A(© x T°) denote this mapping from ¢ to 6.

» f is a homeomorphism,
i.e., it is one-to-one and onto, and f and f~! are continuous.

» Ford € A(X? x A(X?) x A(X1) x--),
F7H(6)* = marg . 6.

» Fort=(6%,02,8%,...) e TP C A(X%) x A(X) x -+
marg y« f(t) = 0",

Proposition 1

T* is homeomorphic to A(© x T°) by f. o



Common Certainty of Coherency

v

v

T?={teT'| ft)(OxT') =1}
(: {t S T1 | (5k(@ X pI‘OjA(XO)X_,_XA(Xk—l)Tl) =1Vk > 2})

T3={teT"| f(t)(© xT?) =1}

T = ﬂiozl "

- set of types that satisfy common certainty of coherency
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Homeomorphism between 7™ and A(© x T™)

» It holds that T* = {t € T' | f(t)(© x T*) = 1}.

» Thus f(T*) ={6 € A(OxT% | §(© x T*) =1}
(since f is one-to-one).

> Identify (by the obvious homeomorphism)
{6 € A(OxT% |80 xT*) =1} with A(© x T*).

» Then the restriction g: 7% — A(O x T%) of f to T*,

defined by g(t)(E) = f(t)(E) for all measurable E C © x T,

is a homeomorphism.

Proposition 2

T* is homeomorphic to A(© x T*) by g.
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General Type Spaces
» A type spaceis ((T1,m1), (T2, m2)) where
» T; is a polish space, and
» ;. T; — A(© x T_;) is continuous.
> ((T*,9),(T*,g)) is a particular type space.
» Explicit type: Given t; € T;:

» 71(t;) € A(X?) defined by 7} (t;)(E°) = m(t;)(E° x T—;)
for measurable EY C A(X?) (where X0 =0);
> frf(tl) € A(X') defined by

w7 () (E) = mi(t) ({(0, t=i) | (0,7L;(t0)) € E'})
for measurable E' C A(Xl) (where X' =0 x A(0©));

wr(ti) = (7} (t:), 77 (L), ...) € T°.

» By construction 7} (t;) € T
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» For all k,

f(ti)((a X PrOJA(X0)x A(Xk—1) Tl)

>

= Wi(ti)({(eat—i) | (ﬁ-lzu s 77%]:1) € pl"OjA(XO)X...XA(Xk—1) Tl})

= Wz(tl)(@ X T—z’) =1

» ...
» Hence 7/ (t;) € T™.

)
(T;) C T*.

> Let T = #*(T;
(i) (© xT_;) =1 for all t; € T;.

Then g(7}(t
Proposition 3

Any type space ((T1,71), (T2, m2)) can be embedded in
((T*,9),(T*,g)) as a belief-closed subspace.
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Example: Email Game Type Space

> 0 ={0°0'}
> T1:T2:{O,1,2,..
> T T1—>A(@XT2)Z

m1((0,t2)[t1) =

mo: 1o — A(@ X Tl)i

m2((0,t1)[t2) =

3

=N —
[
o o

|
™

S

[N}
==
™

=N
I
o o

|
™

S

ifty =0,t0=0,0=0°
ift1>1,to=t;—1,0=0"
ift1>1,tg=1ty, 0=06"
otherwise

ifto=0,t,=00=40°
ifto>1,1 =ty 0 =01
ifteo >0t =to+1,0=0"

otherwise
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