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Bimatrix Games

» Two players: 1 and 2
» 1's action space: M ={1,...,m}
2's action space: N = {m +1,...,m+n}
» 1's payoff matrix: A € RM*N
2's payoff matrix: B € RM*N
» Forz e AM andyEAN,

» 1's expected payoff: 2’ Ay
» 2's expected payoff: =’ By

where AY = {z e RL | Y, ., 2y =1}, L= M,N.

)
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Nash Equilibrium

1. (z,y) € AM x AN is a Nash equilibrium if
' Ay > ¥ Ay for all z € AM,
&' By > ' Bjj for all j € AV,
2. (x,y) € AM x AN is a Nash equilibrium if and only if
(Ay); = max (Ay); for all i € supp(x),
ieM

(B'z); = max (B'z)j for all j € supp(y).
j'e
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Proof

» Fix y € AV, and let u = max;cpr (Ay);. Then
» el. Ay = u for some i* € M, and

> Ay <o Tiw=u for any & € AM.

» Consider any z € AM. We have

0< Z zi(u — (Ay);) = u — 2’ Ay.

ieM
» Therefore,

(1) & Ay >u < (3).
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Nash Equilibrium

» For x € AM and Y € AN write

T = argmax(B'az)j, 2 ={ie M |x; =0},
JEN

y = arg max(Ay);, vy’ ={j €N |y; =0}
ieM

3. (z,5) € AM x AN is a Nash equilibrium if and only if
supp(z) C g, supp(y) C 7.
3. (z,y) € AM x AN is a Nash equilibrium if and only if
yuUuz°=M, TUy° =N,
or equivalently,

(ZUz°)U(FUy°) = MUN.
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Example

M ={1,2,3}, N = {4,5}:
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Nondegenerate Games

» A two-player game is nondegenerate if for any z € AM and
any y € AN,
|Z| < [supp(x)], |y] < [supp(y)l,

or equivalently,

2%+ |2l <m,  [y°[+ 9] < n.

» If (x,y) is a Nash equilibrium of a nondegenerate game, then

|supp(z)| = [supp(y)|-

. [supp(x)| < |y| < [supp(y)| < |Z| < |supp(x)].
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Example of a Degenerate Game

M ={1,2,3}, N = {4,5}:
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Recall

» (z,y) € AM x AN is a Nash equilibrium if and only if
(Ay); = max (Ay)y for all i € supp(z),
i'e

(B'z)j = max (B'z); for all j € supp(y).
J'EN
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Support Enumeration
» Input: Nondegenerate bimatrix game
» Qutput: All Nash equilibria of the game
> Method:

For each k =1,..., min{m,n} and each pair (1,J), I C M
and J C N, such that |I| = |J| = k, solve the systems of
linear equations

Zaijyj:uforiel, Zyjzl,

jeJ jedJ
ZbijxizvforjeJ, inZL
el el

Check

» x; >0forallieandy; >0 forall jcJ,

> u> D gaiy; foralli¢ Iand v > 37 bz forall j ¢ J.
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The systems of equations are written in matrix form as
Arg =1\ (ys\ _ (O
1 0 u 1)’
B}J -1 rry\ 0
1 0 v) \1)’
where

» Arg = (aij)ier,jes, Bry = (bij)ierjer

»0=(0---0) eRF, 1=(1---1) e R",

If m = n, the number of equal-sized support pairs is

> () - ()1~

(“~" by Stirling’s formula n! = v/2mn (2)").
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