Mathematics 11
Daisuke Oyama
May 22, 2025

Homework 6

Due on May 29

1. Suppose that a complete and transitive preference relation 77 on £ satisfies the Inde-
pendence Axiom.

(a) Show that for any L, L’ € £ and for any « € [0, 1],
Lol =LzalL+(1-al L.
(b) Show that for any L',...,L¥ € £ and for any a1,...,ax € Ry such that a; +
e tag =1,
L'rm o n "= L'm gL'+ +agl® 7 L*.
2. MWG Exercise 6.B.3.

3. MWG Exercise 6.C.3.

(You may use the fact that if w is continuous, then the condition that u(%:v + %y) >
$u(z) + u(y) implies that w is concave.)

4. Prove the following:

gl —1
lim ——— =logz for all z > 0.
c—1 1—c¢

(Do not refer to “I'Hopital’s Theorem”!)
5. MWG Exercise 6.C.20.

6. Do the same exercise as in Exercise 6.C.20 for the lottery that pays x + ex with
probability 1/2 and x — ex with probability 1/2.

7. MWG Exercise 6.D.1.
8. MWG Exercise 6.F.2.

9. Let Q be the state space (which is assumed to be finite for simplicity). A function
: 2% — [0, 1] is called a capacity if (i) v(0) = 0, (ii) v(Q) = 1, and (iii) if E C F, then
v(FE) < v(F). This is an example of “non-additive probability”. Note that probability
is a special case of capacity which in addition has additivity. For a random variable
X: Q — R such that

<

X (w) r1, fwéekE, -
w) = T 9,
x9 fwéFE,



the expectation with respect to v is computed as
/de =x9 X v(Q) + (z1 — x2) X v(E).

Now consider Example 6.F.1 discussed in Exercise 6.F.2. Let W (B) be the event such
that a white (black) ball has been picked from urn H (thus, WNB = () and WUB = Q).
Let

1 ifweW, 0 ifweWw,
Xw(w) = . Xp(w) = '
0 ifwe B, 1 ifweB,

and for a capacity v,
Uw (H) = /XW dv,  Up(H)= /XB dv.

(a) Find a capacity v for which Uy (R) > Uy (H) and Up(R) > Ug(H).

(b) Given a capacity v, let core(v) denote the set of probability distributions over €2 such
that p(W) > v(W) and p(B) > v(B). Show that if v(W) + v(B) < 1, then core(v) # 0,

and
/XWdU: min /dep, /XBdU: min /Xde.

pEcore(v) pEcore(v)

(Compare Exercise 6.F.2.)



