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Contingent Commodities

£=1,...,L: physical commodities
i=1,...,I: consumers
j=1,...,J: firms

s=1,...,5: states of the world

vV vV v Vv YV

State-contingent commodity (¢, s):

a title to receive a unit of commodity £ when state s is
realized.

» State-contingent commodity vector:
a:::(xll,...,xLl,...,xlg,...,ng) e RS
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Endowments for consumer i:
_ LS
w; = (wn,...,le,...,wls,...,ng) eR

~~;: consumer i's preference relation on a consumption set
X; C RLS

Y; € R9: firm j's production set
y; € Yj: state-contingent production plan

0;;: share of firm j owned by consumer i
(state independent, for simplicity)
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Assumption

» For every contingent commodity (¢, s), there is a market with
price pys.

» These markets open before uncertainty is resolved.

3/28



Arrow-Debreu Equilibrium

Definition 8.1

(p 7($i)z‘lz1a (yj )}']:1) € RS x [Ticy Xi Hj:l Y;
is an Arrow-Debreu equilibrium if

1. for each j, p* - yj* > p*-y; forall y; €Y,

2. for each i, x¥ =, z; for all

7~

2 € {mi € Xi | p*-ai <p*ewi+ Y0, Oip* Yt} and

I J I
3. 2 T =20 Y i wie

» This is just a particular case of Walrasian equilibrium.

The Welfare Theorems hold under the usual assumptions.
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Example 1
» I=2(i=AB), L=18S={1,2}

» wy = (wia,w24) = (1,0)
wp = (wiB,w2B) = (0,1)
> 0y =wsat+wsg=1forallse S

--- There is no aggregate uncertainty

> ~,; is represented by

7T1z‘ui($1i) + 7r2iui($2i)

» 7 i's subjective probability of state s € S
> ui>0,ul <0

» MRS 12i(w14, 22i) = i (21:)

Tl (x2:)
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> max mui(r1;) + moui(T2;)

subject to p1x1; + pax1; < prwii + paw

» Equilibrium conditions:

>

>

A Wy(r14) _ p1 _ T up(21B)

T2 A U'A(sz) b2 T2B U/B(CL’QB)
Tia+ i =w (=1)

Zoa + 2o =w2 (=1)
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Case (a): T4 _ B
ToA  T2B
» On the contract curve:
uy(r1a)  up(or—x14)
/ - /- ’ W] = Wy = 1
uy(z24)  up(W2 — T24)
= T1A = 224

» In the equilibrium:
pPI _ A _ B

Py TM2A  T2B
x]; = x5, -+ consumers insure completely
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TIA _ TiB
Case (b): — < —
T2A  T2B

» On 45 degree line:
.
MRSui = i
24
P In the equilibrium:
T ooow
na pTlﬁ < 1B
T2A Y2 2B
T4 < Top. T1p > Top
- consumer’s consumption is higher in the state he thinks
more likely (relative to the other’s beliefs)
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Example 2

» Same as in Example 1 Case (a) except:

wa = (w14,w24) = (2,0)
wp = (wip,w2p) = (0,1)
> 1 =2>wy =1
--- There is aggregate uncertainty
A _mp _ ™

T2A 2B ™2
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» On the contract curve:

MRS19; < ™ for each i = A, B
T2

» On the contract curve:
m Uy (T1a) T up(01 — 214)
o uy(x24) T2 (02 — 224)
> If w14 < 224:
ulp(z14) :
> ————= > 1 (by concavity)
uy (z24)
> 1 —x14 > (W2 — T24 (since w1 > 02)
up (01 — T14)

<1(b it
(T2 — T2n) (by concavity)

!
» Therefore, 14 > 24, and hence w < 1 (by concavity)

*
R ™
» In the equilibrium: p—i <2
2 T2
» In particular, if m; = 72, then p} < p}
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Asset Markets

» ¢ =1,...,L: physical commodities
» ¢=1,...,1: consumers

> s=1,...,5: states of the world

>

=i i's preference relation on RYS
with a utility function representation U;
(assumed to be strongly monotone)

» After uncertainty is resolved, spot markets open at t = 1.

» A price vector at state s is denoted by p, € R,
and the overall price vector by p € RS,
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Assets

Asset markets open at ¢t = 0.

We consider real assets,
where returns are in units of commodity 1.

» An asset is identified with its return vector:
r=(ry,...,rs) € R

(Here we always consider vectors as column vectors.)
> Examples:

> 1=(1,...,1): "commodity futures”

> e;=(0,...,0,1,0,...,0) (sth unit vector):
called an “Arrow security”.
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Example: Derivative Assets

» The call option on an asset 7 € R¥ (“primary asset”)
at the strike price ¢ € R:

r(c) = (max{0,r; —c},...,max{0,7s — c}).

It gives the option to buy a unit of r at price ¢
after the state is realized.

» For example, if S =4 and r = (4,3,2,1),

r(3.5) = (0.5,0,0,0)',
r(2.5) = (1.5,0.5,0,0),
r(1.5) = (2.5,1.5,0.5,0)".
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Return Matrix

» We fix K assets, r1,...,7Kx € RY, as given.

We assume that r;, > 0, r; # 0 for all k.

» The S x K matrix

r - K
R = (7"1 TK) —
rs1 ccr TSK
is called the return matrix.
» A vector of trades in these assets, z = (z1,...,2xK) € RE, is
called a portfolio.
» An asset price vector is denoted by ¢ = (q1,...,qx) € RE.
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Equilibrium

Definition 8.2
(@2, (2)iz1s (27)]21) € RF x R < (RF) < (RES)!
is a Radner equilibrium if:
(i) forall 4, (2}, x}) solves
max  Uj(z;)

Zi E]RK, T; ER&S

s.t. Yok kZki <0

/ /
PeTsi < Pusi + Y1 P1s2kiTsk for all s;

(i) Yy2f <0and ;07 < 3w
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Price Normalization and Budget Constraint

» Normalize p1s = 1 for all s.

» Budget constraint of i:

Bi(q,p,R) = {x; e RE® | 3z € R¥ sit.
q'z <0 and m; < Rz;},

where

m; = (p1(x1 — wii), - .., Ps(Tgi — wgs)) € RS.
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State Prices

Proposition 8.1

If ¢ € RE is an asset price vector in a Radner equilibrium,
then there exists 1 € RY ., such that ¢ = ji'R.

» . is called a state price vector.

» s is the shadow price of the state-contingent commodity for
state s.

» ¢ =y/R —
rir - TK
(@ - ax)=(m - ns)

rsy -+ TSK

= (ZS MsTs1 ZS NsTsK) .
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Proof 1 (1/2)

» ¢ € RX is arbitrage free if there is no portfolio = € RE
such that ¢’z <0, Rz >0, and [¢'z # 0 or Rz # 0].

» Under our assumption that r; > 0, rx # 0 for all &,
an arbitrage free price vector must be strictly positive, and hence
the above definition is equivalent to the definition in MWG:

q € R¥ is arbitrage free if and only if there is no portfolio z € R
such that ¢’z <0, Rz > 0, and Rz # 0.

(I.e., there is no portfolio that is budgetarily feasible and
that yields a nonnegative return in every state and

a strictly positive return in some state.)

» Under strongly monotone preferences,
an equilibrium asset price vector ¢ € R¥ is arbitrage free.

» Proposition 8.1 follows from the following lemma.

18/28



Proof 1 (2/2)

Lemma 8.2

For any R € RS*K,

q € RE is arbitrage free if and only if
there exists i € RY | such that ¢ = j'R.

» Proof by “Stiemke's Lemma”.
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Proof 2 (1/2)

» Choose any consumer i. Assume that U; has a representation

Ui(T1is -+, 81) = D Tsitlsi(Tsi) (msi > 0)
where ug; are concave, strictly increasing, and differentiable.

» Denote by vg; the indirect utility function derived from wug;.

> Let q,p be the equilibrium prices, and consider

max Zs TsiVsi (Ds, Pswsi + Zk TskZki)
ZiE]RK

st > naqkzri < 0.

» The equilibrium portfolio plan 2 must satisfy the FOC with
some «; > 0 (Lagrange multiplier):

0 51 —
D s Tsi 81%;; (ps, WE) rsk = aiqy for all k,

/
where w¥; = plwgi + >4 sk i

20/28



Proof 2 (2/2)

» Define i € Rir by

Tsi OVs;

(p87 w:z)

Ms = —
a; Ows;

» This satisfies ¢ = p/R.

» Note: choice of a different consumer may lead to a different .
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Complete Markets

Definition 8.3
An asset structure with an .S x K return matrix R is complete if
rank R =25, i.e.,

{v € R¥ | v = Rz for some z € RX} = RS,

> Example:

10
R=101
00

= o O

(where all the Arrow securities are available) is complete.
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> Example:
1 01
R=10 11
0 11

is not complete.

No portfolio can give, for example, a return vector (0,0,1)".
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Equivalence between Radner and Arrow-Debreu Equilibria

Proposition 8.3
Assume that the asset structure is complete.
(i) If (p,z*) € RES x (REYS) is an Arrow-Debreu equilibrium,
then there g € RE, and z* € (RE)! such that
(¢,p, z*,x*) is a Radner equilibrium.

(i) If (q,p, =" %) € RE, x RES x (RK)! x (RES)! is
a Radner equilibrium,
then there exists u € Ri . such that
((p1p1y - .-, psps),x*) is an Arrow-Debreu equilibrium.
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Sketch of the Proof (1/4)

» Denote
BMP(p) = {x; e RY® | 2, pl(wsi — wsi) < 0}
and

BRMq,p) = {z; e RES |32, € RE st
¢’z <0 and m; < ARz},

where

m; = (pll(xli - W1z’), cee 7Piq($s¢ - WSZ'))/ €R”.
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Sketch of the Proof (2/4)
(i) Let (p,z*) be an Arrow-Debreu equilibrium.

» Denote
D11 0
A =
0 D1s
Then
p1irin 0 PLITIK
AR = : :
p1STS1 ' P1STSK
Let
q/ =1AR (&= @ = Zs P1sTsk V k).
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Sketch of the Proof (3/4)

> WTS: z¥ € BR(q,p) and z; € BR(q,p) = z; € BAP(p).
> Let

*

mi = (P (2} — wii), - -, Ps(al; — wsi)) € RS,

» Since rank AR = S by completeness,

foreach i =1,...,1 — 1, there exists z; such that
m; = ARz

Define
zp =+ +210)

» Show z} € BiR(q,p).
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Sketch of the Proof (4/4)

(i) Let (¢, p, z*,x*) be a Radner equilibrium.

Assume without loss of generality that p;s = 1 for all s.

> By Proposition 8.1, there exists 1 € RY, such that ¢’ = /R.

> WTS: 27 € BAP (jupy, . .., psps) and
z; € BPP(pr,. .., psps) = xi € BR(q,p).

» For the former,
Yo MsDs(Tsi — wsi) < D ps(Rzi)s = W' Rz = ¢'2; < 0.

» For the latter,
by the completeness, there exists z; such that m; = Rz;.

Then,

qz =y Rz = u'mi <0.
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