Mathematics 11
Daisuke Oyama
May 15, 2024

Homework 7
Due on May 24
1. Consider the function f: R? — R defined by
1 1 1
flz,a) = —1:54 - %$3 + 5:52 + ax — T

Compute the value function v(«) = max,er f(z, ), a € R, and draw its graph.

2. Consider the function f: R? — R defined by

1
——a?(z —20) if 2a <z <0,
e
1
f(z,a) = —o*(x —20)®  if0<z<2aq,
a
—22(x — 20)? otherwise.

Compute the value function v(a) = maxyer f(z, ), a € R, and draw its graph.

3. Let Y € X C R. For a function F': X x X — R and 8 € R, suppose that a function
v: X — R satisfies

v(z) = max F(z,y) + Bu(y)

for all z € X. Let Z € Int X and § € argmax,cy F(7,y) + fv(y). Assume that (1)
F(-,y) is differentiable at z, and (2) v is differentiable at T. Under these assumptions,

derive the envelope formula:

oF ,_ _

V(@) = 5 (@9

4.

(1) Suppose that a real valued function w: R — R is concave. Prove that for all « € R
and € > 0, we have

w(a) —w(a—¢)

‘ >w(a+€2—w(a).

(2) For a function f: R x R — [~00, 00], let the function v: R — [—00, 00] be defined

by

v(a) = sup f(z,a).
zeRK



Prove the following:
(a) If for all z € R¥, f(z,a) is convex in a, then v is convex.
(®) If f(z, ) is concave in (z, ), then v is concave.

(c) Assume that X*(a) = {z € RF | f(z,a) = v(a)} # 0 for all @ € R, that for
all z € RE, f (z,a) is differentiable in «, and that v is concave. Then v is
differentiable at any & € R with

_of

V(@) = %0

(z,a)

for any z € X*(a).

5. Let A = (a;j) € RV*N be a (row-)stochastic matriz, i.e., a;; > 0 for alli,j =1,...,N
and Z;\le a;; =1foralli=1,...,N. A vector 2* € A is called a stationary distribution
of Aif (z*)TA = (z*)T, where A= {z e Ry | N 2 = 1}.

Show that A has a stationary distribution

(1)
(2)
3)

6.
(1)

(2)

by using the Perron-Frobenius Theorem (Proposition 6.10),
by using Farkas’ Lemma, and

by using Brouwer’s Fixed Point Theorem.

Find an example of a correspondence F': X — X such that X c RY is nonempty,
compact, and convex, and F' is nonempty- and compact-valued and upper semi-
continuous, but not convex-valued, and has no fixed point.

Find an example of a correspondence F': X — X such that X C RY is nonempty,
compact, and convex, and F' is nonempty- and convex-valued and upper semi-

continuous, but not compact-valued, and has no fixed point.

7. Let X C RV, and let {f™ _1 be a sequence of bounded and continuous functions

f™: X = R (i.e., for each m, f™ is continuous, and there exists some ™ € R such that
|f™(x)] < r™ for all z € X). Assume that {f™}5°_; satisfies the following property:

For any € > 0, there exists M such that sup,cy |f"(x) — f"(z)| < € for all m,n > M.

(1)

(2)

Show that for each z € X, the sequence {f™(x)}3°_; of real numbers is a Cauchy
sequence.

By the above and the completeness of R, for each z € X, { f"(x)}3°_; is convergent;
denote its limit by f(z) € R.

Show that the function f: X — R is bounded.
(You may (but do not have to) follow the following approach:

e Let M; € N be such that for all x € X, |f™(z) — f"(x)| <1 for all m,n > M.
e For each x € X, let m(z) € N be such that m(x) > M; and |f™®) (z) — f(x)| < 1.
e Let r = rM1 4 2 (where 7M1t € R is such that |fMi(z)] < rM for all z € X).



Then show that for all z € X, |f(x)| < r (by triangular inequality).)
(3) Show that sup,cx |f™(z) — f(x)| = 0 as m — oo.
(4) Show that f is continuous.



