Mathematics 11
Daisuke Oyama
April 25, 2025

Homework 4

Due on May 9

1. Fora >0, a# 1, let f(z) =a”.
(1) Compute f'(0).

al=¢—1
(2) Compute lim
c—1 —C
1—+V1— 22
2. Compute lim 7x.
z—0 T

3. Consider the function R — R defined by

2?2 ifreqQ,

fla) = 0 ifzé¢Q.

(1) Show that f is continuous at 0.
(2) Show that f is differentiable at 0.

4. The following statement is false:

If a differentiable function f: I — R, where I C R is a nonempty open interval, is strictly
increasing, then f’(x) > 0 for all x € I.

Find a counter-example.

5. Suppose that f: [a,b] — R is continuous on [a,b] and differentiable on (a,b), where
a < b. Show that if f/'(x) # 1 for all € (a,b), then f has at most one fixed point on
[a, b].

6. Suppose that f: [a,b] — R is continuous on [a, b] and differentiable on (a,b), where
a < b, and that f(a) > 0> f(b). Assume that f'(x) < 0 whenever f(z) = 0. Show that
there exists a unique z € [a, b] such that f(z) = 0.

7. Let I C R be a nonempty open interval, and for a function f: I — R and = € I,
suppose that f is differentiable on I and f’ is differentiable at . Show directly using
the Mean Value Theorem (and without using Taylor’s Theorem) that if z is a local
maximizer of f, then f”(z) <0.

(Hint: construct a sequence {x™} with 2™ N\, Z such that f'(z™) <0.)



8. Consider the function f: R? — R defined by

2.%'1(132 .
if (z1,22) # (0,0),
f(z1,x0) = f + 3
0 if (.%‘1,1‘2) = (0,0).
of of
1 — —.
(1) Compute . and Dg

(2) Show that f is not continuous at (0,0).

9. Consider the function f: R? — R defined by

x:vx%_m% if (x1,22) # (0,0)
1425 1,42 s V)
f(@1,22) = v} + 23
0 if (1‘1,2132) = (0,0).
0% f 0% f
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(2) Show that

is not continuous at (0, 0).

833‘26.%1
(3) Show that aaf is not differentiable at (0,0).
z1
10. Consider the function f: R? — R defined by
(1
——Sx%(ml —2x9)%  if 229 < 21 <0,
o
1
fz1,m2) = —Sm%(xl — 229)? if 0 < 21 < 29,
D)
—z3(z1 — 219)? otherwise.
of

of
(1) Compute B and Py

(2) Show that f is continuous at (0,0).
(3) Show that f is not differentiable at (0,0).

11. For a function f: U — R, where U C R¥ is a nonempty open set, the directional

derivative of f at x € U with respect to d € RY is defined by

z+ M) — f(x
Pl = gy T =1

if the limit exists. Show that if f is differentiable, then f'(z;d) = Vf(z)-d for all z € U
and d € RV,

12. Consider the function f: R? — R defined by

2
V23 + x5 sin <2> if 1 #0,
z1

0 otherwise.

f(x1,22) =



Show that f is continuous at (0,0).
Compute the directional derivative f'((0,0);d).
Show that f is not differentiable at (0, 0).

. Let

M:(g i).

Determine the condition under which M is negative definite.

Determine the condition under which M is negative semi-definite.

. Let f: ]R?H_ — R be defined by

f(x1,22) = (1) (22)*,

where aq, as > 0.

(1)

Determine the condition on @1 and as under which f is concave.

(2) Determine the condition on a; and ag under which f is quasi-concave.



